A pseudo-Fourier modal analysis method for analyzing finite-sized dielectric slabs with arbitrary longitudinal permittivity and permeability profiles is proposed. In the proposed method, the permittivity and permeability profiles are represented by the Fourier expansion without using the conventional staircase approximation. The total electromagnetic field distribution inside a dielectric slab is a linear superposition of extracted pseudoFourier eigenmodes with specific coupling coefficients selected to satisfy given boundary conditions. The proposed pseudo-Fourier modal analysis method shows excellent agreement with the conventional rigorous coupled-wave analysis with the S-matrix method.
INTRODUCTION
Many interesting optical structures such as layered diffraction gratings, photonic crystal slabs, and more general complex media 1 are commonly finite-sized dielectric slab structures with specific permittivity and permeability profiles. In analyzing dielectric slabs with arbitrary permittivity and permeability profiles, the modal analysis is a fundamental issue. In the modal analysis framework, the internal eigenmodes distinguished by their own characteristic eigenvalues are identified and their coupled dynamics are manifested. As a result, when an internal electromagnetic field distribution in a target structure is excited by an external source, the excited internal electromagnetic field distribution can be represented by a linear superposition of internal eigenmodes of the target structure. The coupling coefficient of an internal eigenmode in the linear superposition implies an important physical meaning.
For the past three decades, rigorous modal analysis methods on grating structures have been investigated persistently. Particularly, in cases of two-dimensional surface-relief gratings without a longitudinal permittivity variation along the direction (conventionally denoted by the z direction) normal to the grating surface, the rigorous coupled-wave analysis (RCWA) [2] [3] [4] [5] is well established for modal analysis.
Carefully inspecting the coupled differential equation system in the framework of the classical RCWA, we can find that when longitudinal permittivity variation exists along the z direction, the formulation of the RCWA becomes a coupled linear second-order ordinary differential equation system with nonconstant coefficients, which cannot be handled with the conventional method. In this case, to escape from the difficulty, the RCWA takes up the S-matrix method that uses the staircase approximation [6] [7] [8] [9] to represent the permittivity profile inside a dielectric slab. Therefore, for analyzing threedimensional structures, the combination of the RCWA and the S-matrix method 6, 7 is employed in general. The staircase approximation of the longitudinal permittivity profile is widely accepted in various grating analysis problems.
However, Popov et al. 9, 10 analyzed the limitation and the validity of the staircase approximation in representing continuous grating profiles. They showed that the differential method without the staircase approximation gave more accurate results than the RCWA and the S-matrix method using the staircase approximation. Surely, the S-matrix method gives exact field distribution solutions for the staircase permittivity structures. The plane-wave expansion method (PWM) formulated by Sakoda 11, 12 for analyzing reflection and transmission characteristics of finite-sized photonic crystals did not use the staircase approximation for modeling photonic crystals. But Sakoda's PWM showed poor convergence.
On the other hand, under the staircase approximation, only local eigenmodes in each interval with no permittivity variation along the z direction can be identified. In our viewpoint, the field representation under the staircase approximation cannot be truly modal analysis. An eigenmode must be identified by its specific eigenvalue. However, the field representation under the staircase approximation does not have such an eigenpair.
In this paper, a pseudo-Fourier modal analysis (PFMA) method without the staircase approximation is proposed for the rigorous modal analysis of finite-sized dielectric slabs with arbitrary permittivity and permeability profiles. In this paper, a prerequisite step that should be manifested before describing the fully generalized theory is addressed. Thus the proposed PFMA method is verified for one-dimensional structures. However, it is elucidated that the mathematical technique for one-dimensional structures introduced in this paper will be straightforwardly extended to three-dimensional structure analysis. The fully generalized theory will be completed in a future paper. This paper is organized as follows. In Section 2 continuous representation of permittivity and permeability profiles in the RCWA scheme is accounted for. In Section 3 the convergence of the pseudo-Fourier representation of the electromagnetic field is discussed and the main eigenvalue equation is formulated. In Section 4 the identification and extraction of the eigenmodes and eigenvalues are described based on the results of Section 3. In Section 5 the boundary conditions are discussed and the total field distributions in finite-sized slabs are analyzed. The total field distributions obtained by the proposed method are compared with those obtained by the S-matrix method. In Section 6 concluding remarks and the perspective on the generalization of the proposed method to slab structures with finite thickness and three-dimensional arbitrary permittivity and permeability profiles are given.
CONTINUOUS FOURIER REPRESENTATION OF PERMITTIVITY AND PERMEABILITY PROFILES IN THE RIGOROUS COUPLED-WAVE ANALYSIS SCHEME
The coupled linear differential equation system of the classical RCWA is reviewed. In the description of the theory, vectors are underlined and matrices are underlined twice. In the classical RCWA scheme, the internal electric and magnetic field distributions inside a grating are expressed, respectively, as the following symmetrically truncated Bloch mode expansions:
H͑x,y,z͒
where k x,m and k y,n are the mth x-direction wave-vector component and the nth y-direction wave-vector component, respectively. They are given, respectively, by
where G x and G y are the x-and y-direction grating vectors, respectively. We substitute the field representations in Eqs. (1a) and (1b) into the following Maxwell equations,
where 0 and 0 are electric permittivity and magnetic permeability in free space, and the permittivity profile ͑x , y , z͒ and the permeability profile ͑x , y , z͒ take the Fourier series forms, respectively, as The coefficients in Eqs. (5a)-(5f) are functions of the variable z. As mentioned previously, the staircase approximation of ͑x , y , z͒ and ͑x , y , z͒ along the z axis enables the coupled equation system to be approximated to the equation system with constant coefficients in each staircase interval. The S-matrix method is a recursive matrix algorithm used to match the boundary conditions at all boundaries generated by the staircase approximation.
In this paper, we propose an analysis method for solving Eqs. (5a)-(5f) without the staircase approximation. To reveal the main concept of the proposed method, it is enough to consider the cases of longitudinal onedimensional structures. The permittivity and permeability profiles of a longitudinal one-dimensional structure are given by ͑z͒ and ͑z͒, respectively. In this case the coupled differential equation system of Eqs. (5a)-(5f) becomes simplified but the coefficients are z-dependent functions.
PSEUDO-FOURIER REPRESENTATION OF EIGENMODES AND EIGENVALUE EQUATION
In the case of a one-dimensional structure, the dielectric structure is a slab with longitudinal permittivity and permeability profiles as shown in Fig. 1 . Figure 1 shows a dielectric slab of finite thickness d with arbitrary permittivity profile ͑z͒ and permeability profile ͑z͒ placed between region I and region II. In this paper, both the permittivity ͑z͒ and the permeability ͑z͒ are assumed to satisfy the following relations:
1. ͑z͒ Ͼ 0 and ͑z͒ Ͼ 0, which mean that the slab structure is made of dielectric material.
2. ͑z͒ and ͑z͒ are piecewise-continuous functions bounded in the range of 0 Յ z Յ d.
Let an incident wave E inc impinge from region I to the dielectric slab. The incident wave is assumed to be a plane wave with an incidence angle of , an azimuthal angle of , and a polarization angle of with free-space wavelength . The incident wave is represented as
where U x , U y , and U z are given by ͑U x ,U y ,U z ͒ = ͑cos cos cos − sin sin , cos cos sin + sin cos ,− cos sin ͒, ͑6b͒ and k I,x , k I,y , and k I,z are given by ͑k I,x ,k I,y ,k I,z ͒ = ͑k 0 n I sin cos ,k 0 n I sin sin ,k 0 n I cos ͒, ͑6c͒ with k 0 =2 / and n I is the refractive index of region I. The reflected and transmitted waves in regions I and II are represented, respectively, as
where R x , R y , R z are reflected wave components and T x , T y , T z are the transmitted wave components. To satisfy the phase-matching conditions on the transverse plane (z = 0 and z = d), the wave-vector components hold the following relations:
where ͑k II,x , k II,y , k II,z ͒ is the wave vector in region II, and n II is the refractive index of region II. The internal electric and magnetic field distributions inside the slab structure are given, from Eqs. (1a) and (1b), as
Then the pseudo-Fourier representation of eigenmodes in a dielectric slab is described. At first, the periodic extensions of the permittivity profile ͑z͒ and the permeability profile ͑z͒, ͑z͒ and ͑z͒, are defined, respectively, as
where denotes convolution. Figure 2 shows the periodic extension ͑z͒ of a permittivity profile ͑z͒ with a fundamental period of d. In the periodic extension of the dielectric slab with ͑z͒ and ͑z͒, any existing internal electromagnetic field can be represented by a linear superposition of the pseudo-Fourier eigenmodes of the periodic extension from the Bloch theorem. 12, 13 From the Bloch theorem, the pseudo-Fourier eigenmodes of the electric and magnetic fields inside the periodic extension of the dielectric slab are given, respectively, by 
where k denotes the wave vector ͑k x , k y , k z ͒. 
where m is an integer in the range −N Յ m Յ N, the reciprocal vector G z is given by 2 / d, and the number of the asymmetrically truncated Fourier representations of a pseudo-Fourier eigenmode is just 2N + 1 (see Appendix A). By substituting Eqs. (12a) and (12b) into Eqs. (11a) and (11b), the pseudo-Fourier eigenmode ͑E k ͑z͒ , H k ͑z͒͒ for a wave vector k is expressed by 2N + 1 asymmetrically truncated pseudo-Fourier representations as follows:
where k z ͑N,m͒ is an approximate value of k z in the asymmetrically truncated pseudo-Fourier representation. According to the analysis on the uniform convergence of the Fourier representation established by Li, 14 we can see that there exists a nonnegative integer pair ͑N * , m * ͑N͒͒ satisfying the inequalities, i.e., the convergence criteria;
where N Ն N * and ͉m ͉ Յ m * ͑N͒ Յ N is satisfied for small positive real numbers E , H , and k , and k z is a true eigenvalue of the true pseudo-Fourier eigenmode ͑E k ͑z͒ , H k ͑z͒͒. Additionally assuming that the envelop profile of the pseudo-Fourier mode ͓Ê k ͑z͒ , Ĥ k ͑z͔͒ is nearly band limited, we can confirm that there definitely exist finite positive integers N * and m * ͑N͒. According to the convergence criteria of inequalities (14) , the asymmetrically truncated Fourier representations of a pseudo-Fourier eigenmode, Eqs. (13a) and (13b), can be classified into three classes as indicated in Fig. 3 . Figure 3 shows the discrete distribution of the Fourier coefficient Ẽ x,p (or Ẽ y,p ) in the Fourier space. The first class [denoted by (i) in Fig. 3(a) ] indicates that the total number of used harmonics, 2N + 1, is larger than the lower bound 2N * + 1, but the shift index m is outside the convergence range ͓−m * , m * ͔. The third class [denoted by (iii) in Fig. 3(b) ] shows the deficiency of harmonic components used in the pseudo-Fourier representation. But the second class [denoted by (ii) in Fig. 3(a) ] satisfies the convergence criterion of inequalities (14) . It is expected that with enough harmonic components in the pseudo-Fourier representation, a few in class (iii) having a large shift index m satisfying ͉m ͉ Ͼ m * are considerably different from the others included in class (ii). Also, it is expected that the representations belonging to class (ii) would produce an almost similar field profile and almost the same eigenvalue k z ͑N,m͒ according to the convergence criterion of inequalities (14) . This point will be definitely manifested through numerical simulations in Section 4. Conclusively, we can see that classes (i) and (iii) cannot correctly represent the true pseudo-Fourier eigenmode because of significant loss of nonzero high-frequency harmonic components, while class (ii) correctly expresses the true pseudo-Fourier eigenmode. In addition, the total number of Fourier representations precisely describing the true solution [that is, satisfying the convergence criterion of inequalities (14) and belonging to class (ii)] is 2m * ͑N͒ + 1. The other 2͑N − m * ͑N͒͒ representations do not satisfy the convergence criteria of inequalities (14) . On the other hand, the pseudo-Fourier eigenmodes, Eqs. (13a) and (13b), must satisfy the following Maxwell equations:
where the periodic extensions of the permittivity and the permeability profiles ͑z͒ and ͑z͒ take the Fourier series form as 
where the integer indices s and p are in the range of −N + m Յ s and p Յ N + m. The algebraic equation system of Eqs. (17a)-(17f) can be manipulated as a matrix form. For this, the following notations are adopted. The Toeplitz matrices = of g and = of g are defined, respectively, as
N+m , K = y , and K = x are defined, respectively, as
where I = is the ͑2N +1͒ ϫ ͑2N +1͒ identity matrix. The vector notations
N+m , and H y ͉ −N+m N+m are defined, respectively, as
Then, with use of the above notations, the algebraic equation system of Eqs. (17a)-(17f) is rewritten as
N+m , ͑20b͒
The algebraic equation system of Eqs. (20a)-(20f) is considered as the following matrix eigenvalue equation of ͑8N +4͒ ϫ ͑8N +4͒ dimensions:
The reciprocal permittivity profile ␣ ͑z͒ and the reciprocal permeability ␤ ͑z͒ are defined, respectively, as
Then their Toeplitz matrices ␣ = and ␤ = are taken, respectively, as
According 
͑25͒
As proven in Appendix A, the number of nontrivial pseudo-Fourier representations of a pseudo-Fourier eigenmode is 2N + 1. We can consider the corresponding 2N + 1 nontrivial vectors 
͑26͒
Their own ␤ eigenvalues are identified, respectively, as
These 2N + 1 nontrivial eigenvector-eigenvalue pairs are approximate pseudo-Fourier representations of a true pseudo-Fourier eigenmode with eigenvalue k z . On the other hand, the dimension of the matrix in Eq. (26) is ͑8N +4͒ ϫ ͑8N +4͒. The number of nontrivial eigenvector-eigenvalue pairs of Eq. (26) is 8N + 4. Therefore just four different pseudo-Fourier eigenmodes can be identified in the scheme of Eq. (26) because 8N + 4 eigenpairs are classified into each homogeneous group composed of 2N + 1 eigenpairs. Physically, this means that only four pseudo-Fourier eigenmodes exist in the periodic extensions of dielectric slabs with ͑z͒ and ͑z͒.
To correctly distinguish the four pseudo-Fourier eigenmodes among 8N + 4 eigenvector-eigenvalue pairs of Eq. (26), the wavenumbers in the first Brillouin zone must be extracted from each obtained eigenvalue. Explicitly the wavenumber in the first Brillouin zone, ␤ 1st Brill , can be extracted by the following formula: 
It is confirmed that the number of individuals satisfying that condition is exactly four. Conclusively we can easily identify four pseudo-Fourier eigenmodes with the method described above.
PSEUDO-FOURIER EIGENMODE EXTRACTION
To validate the theory described in Section 2, we present two illustrative examples. permeability profiles, respectively. In this section, the pseudo-Fourier eigenmodes and eigenvalues of two comparative structures are extracted with the PFMA.
In the analysis, the plane wave, with incidence angle of / 4, azimuthal angle of / 3, polarization angle of /4, and unit intensity, is taken as the external incident source. At first, the dielectric slab with continuous permittivity and permeability profiles shown in Fig. 4(a) is analyzed. Figure 5 shows the eigenvalue distributions that are obtained by solving the main eigenvalue Eq. (26) and folding the eigenvalues to the first Brillouin zone with use of Eqs. (27) and (28). In Fig. 5 to as an evanescent mode. Figure 5(a) shows the eigenvalue distribution when the number of harmonic components used in the pseudo-Fourier representation, 2N +1, is 21. As indicated in Fig. 5(a) , the convergence of the eigenvalue is not perceived due to the insufficient number of Fourier harmonic components. According to the classification rule of the pseudo-Fourier representations, all representations used in this case are included in class (iii). On the other hand, Fig. 5(b) illustrates the case in which a sufficient number of harmonic components ͑2N +1=129͒ are used in the field representation. As seen in Fig. 5(b However, in the second example of the dielectric slab with discrete permittivity and permeability profiles shown in Fig. 4(b) , all four extracted pseudo-Fourier eigenmodes are evanescent modes. Especially it is noted that the analytic Fourier representations of the discrete permittivity and permeability profiles provided in Appendix B should be used in the calculation to achieve high accuracy. Figure 7 (a) shows the eigenvalue distribution for the discrete case when the number of harmonic components used in the pseudo-Fourier representation is insufficient ͑2N +1=21͒, while Fig. 7(b) shows the convergent eigenvalue distribution with use of sufficient harmonic components ͑2N +1=129͒. Figure 8 illustrates the field distributions of the four extracted pseudo-Fourier eigenmodes inside the dielectric slab, ͑E 1 ͑z͒ , H 1 ͑z͒͒, . . ., ͑E 4 ͑z͒ , H 4 ͑z͒͒. In this case, the extracted eigenvalues are obtained, respectively, as jk z ͑1͒ / k 0 = −0.0205, jk z ͑2͒ / k 0 = −0.0163, jk z ͑3͒ / k 0 = + 0.0163, and jk z ͑4͒ / k 0 = + 0.0205. Thus all extracted pseudo-Fourier eigenmodes are evanescent modes. This point is definitely indicated in the eigenvalue distribution illustrated in Fig. 7(b) . When a sufficient number of harmonic components ͑2N +1=121͒ are used in the field representation, as seen in Fig. 7(b) , a wide flat portion appears near the center axis since all eigenvalues are pure imaginary numbers. Inspecting the distribution of Re͑jk z ͑N,m͒ ͒ / k 0 , we can see that the eigenvalues in the center flat portion are pure real numbers. That means that the flat portion includes four independent evanescent eigenmodes. It is noted that the evanescent modes ͑E 1 ͑z͒ , H 1 ͑z͒͒ and ͑E 2 ͑z͒ , H 2 ͑z͒͒ are exponentially decreas- ing along the z direction, but the evanescent modes ͑E 3 ͑z͒ , H 3 ͑z͒͒ and ͑E 4 ͑z͒ , H 4 ͑z͒͒ seem to be exponentially increasing along the z direction. The exponentially increasing evanescent mode may be somewhat unphysical, but these increasing evanescent modes play a role in representing the real evanescent field near the backside boundary ͑z = d͒ of the finite structure.
BOUNDARY CONDITION AND TOTAL FIELD DISTRIBUTION
In Sections 3 and 4, the four pseudo-Fourier eigenmodes are identified for the periodic extension of a unit slab structure with finite thickness and longitudinal arbitrary permittivity and permeability profiles. In this section, on the basis of the theoretical analysis on the pseudo-Fourier eigenmodes, the calculation of the total electromagnetic field distribution inside finite dielectric slabs is addressed. For the validity of the proposed PFMA method, the numerical results of the PFMA are compared with those of the conventional RCWA and S-matrix method. The main principle is that the total electromagnetic field distribution inside a dielectric slab can be represented by a linear superposition of extracted pseudoFourier eigenmodes with appropriate coupling constants to satisfy given boundary conditions. Thus the total electric field distribution E and magnetic field distribution H are expressed, respectively, as
Fig. 6. Extracted pseudo-Fourier eigenmodes of the dielectric slab with continuous permittivity and permittivity profiles: (a)
where C g is the coupling coefficient. The four coupling coefficients C 1 , C 2 , C 3 , and C 4 must be determined to satisfy the boundary conditions specified at z = z − and z = z + ͑z − Ͻ z + ͒. In fact, the field expressions of Eqs. (30a) and (30b) imply a general solution of the Maxwell Eqs. (30a) and (30b) inside a periodic extension of a unit permittivity profile. This means that two boundaries, z = z − and z = z + , of the finite dielectric structure can be placed at any two positions inside the periodic extension shown in Fig. 2 . The field expressions of Eqs. (30a) and (30b) can be exact total field distributions in the dielectric slab confined by the two boundaries z = z − and z = z + . The proper determination of the four coupling coefficients is only required to satisfy the boundary conditions at the two boundaries. In the cases of the finite dielectric slab shown in Fig. 1 , the first and the second boundaries are selected as z − = 0 and z + = d, respectively, The boundary conditions are described as follows. At z = 0, the transverse electric and magnetic fields must be continuous. These conditions read as
Using the aid of the transverse condition of the plane wave
Eqs. (31a)-(31d) are arranged in the following matrix form:
. ͑32͒ Next, at z = d, the continuation conditions of the transverse electric and magnetic fields read as
Using the transverse condition of the plane wave
Eqs. (33a)-(33d) are arranged in the following matrix form: 
.
͑34͒
The four coupling coefficients C 1 , C 2 , C 3 , and C 4 and the reflection and transmission coefficients R x , R y , T x , and T y can be obtained from Eqs. (32) and (34). By this manner, the total field distributions inside the dielectric slabs in Figs. 4(a) and 4(b) are calculated. These are compared with those of the RCWA with the S-matrix. Total electric field distributions in the dielectric slab with continuous permittivity and permeability profiles calculated by the PFMA are illustrated in Fig. 9 . The y-directional electric field component E y ͑z͒ and the x-directional electric field component E x ͑z͒ are presented in Figs. 9(a) and 9(b), respectively. For the RCWA with the S-matrix method, the continuous profiles of the permittivity and permeability are quantized to the multilevel staircase structure as shown in Fig. 10 . In Fig. 11 , the total field distributions obtained by the RCWA with the S-matrix method are presented. Comparing the field distributions in Figs. 9 and 11, we can see that the numerical results obtained by the proposed PFMA method show an excellent agreement with those of the conventional RCWA with the S-matrix method.
Total electric field distributions in the dielectric slab with discrete permittivity and permeability profiles calculated by the PFMA are illustrated in Fig. 12 . The y-directional electric field component E y ͑z͒ and the x-directional electric field component E x ͑z͒ are presented in Figs. 12(a) and 12(b) , respectively. In Fig. 13 , the total field distributions obtained by the RCWA with the S-matrix method are presented for a comparison. Comparing the field distributions in Figs. 12 and 13, we can see that the proposed PFMA method shows an excellent agreement with the conventional RCWA with the S-matrix method in the case of discrete profiles.
CONCLUSION
In this paper, a PFMA method for analyzing finite-sized dielectric slabs with arbitrary longitudinal permittivity and permeability profiles without the staircase approximation was proposed. In the PFMA, the internal pseudoFourier eigenmodes are extracted with specific eigenvalues. The eigenvalues can be obtained by the eigenvalue distribution analysis using the asymmetrically truncated Fourier field representation. It was shown that the total field distribution inside the finite-sized dielectric slab excited by an external plane wave can be precisely calculated by the linear superposition of four pseudo-Fourier eigenmodes with appropriate coupling coefficients satisfying the boundary conditions. The validity of the PFMA is proved by the excellent agreement of the PFMA with the conventional RCWA with the S-matrix method. The mathematical techniques of dealing with longitudinal permittivity and permeability profiles and extracting pseudo-Fourier eigenmodes in the PFMA are general, so they can be directly extended to analyze threedimensional structures. The pseudo-Fourier mode-based representation of the internal electromagnetic field is more precise and better in convergence than the simple Fourier representation. 11, 12 The PFMA method is a complete modal analysis method for finite-sized dielectric slabs with arbitrary three-dimensional permittivity and permeability profiles.
APPENDIX A
Here it is proved that the number of the nontrivial pseudo-Fourier representations of a pseudo-Fourier eigenmode is 2N + 1. For simplicity, only the permittivity modulation is taken into account. A pseudo-Fourier mode of the periodic series of the dielectric slab is substituted into Maxwell's equations as ٌ ϫ ͓exp͑j͑k · r͒͒E͔ = j 0 ͓exp͑j͑k · r͒͒H͔, ͑A1͒
ٌ ϫ ͓exp͑j͑k · r͒͒H͔ = − j 0 ͑z͓͒exp͑j͑k · r͒͒E͔. ͑A2͒
Let the dc terms of the permittivity profile, the electric eigenmode, and the magnetic eigenmode be defined as follows: 
